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1t is shown under what condition a Tchebycheff-space on a real set containing
at most one end point, has a Tchebycheff subspace of codimension 1. It is also
shown when a complete Tchebycheff-system on a real set M, is also a complete
Tchebycheff-system on M.

1. INTRODUCTION

Zielke {2] proved that an oriented Tchebycheff space on a totally ordered
set M, having property (D), has a basis which is a complete Tchebycheft-
system on M. This theorem generalizes a theorem of Krein [1] where M
is an open interval (a, b). Counterexamples where M is an half-open or a
closed interval are given in [2, 3].

In this paper we generalize the theorem of Zielke by weakening
property (D), for real sets.

We also give a necessary and sufficient condition for a complete oriented
Tchebycheff-system on a real set M to be a complete oriented Tchebycheff
system on M.

2. CoNVEXITY CONE

We start by recalling the definitions of a Tchebycheff-system (abbreviated
as T-system) and of convexity with respect to a T-system.

DeriNiTiON 1. Let {u;};, be real-valued functions defined on a real
set M. These functions will be called a T-system if the determinant

ug(te) uo(ty) - ug(ty)
Uy, Uy 5oy Un\ [ g(t))  wy(t) - uy(2)
un(t()) un(tl) u'n(tn) [
whenever f, << f; < -*- < t, are in M.
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If M is an interval and the functions are continuous, the determinants (1)
have the same sign and we require that they are positive.

The functions {u,};_, will be called complete Tchebycheff-system (abbre-
viated as CT-system) if {u,}¥_, is a T-system for all k =0, 1,..., n.

The linear hull of a 7-system will be called a 7-space.

DerNITION 2. Let {;}7 , be n -+ 1 continuous function on an interval I,
forming a T-system on it. A function f defined on (a, b) = the interior of 7
is said to be convex with respect to {u,};_, if:

ute) uty) - toltpi)
u(ty) w(t) - utayd)
Uy Uy geees Up 5 | s :
U(t(,, £ yeens t,,,tm) N I : =0 )
un(te) n(t)) -+ Un(tnss)

ft) Sty ftas)

for all choices of {#,}77; satisfying a < f, <t < '+ < lpyy <b.

The set of the convex functions with respect to {u;}}-, on an interval is
denoted by C(yy , Uy ,..., u,) (without referring to the interval if no ambiguity
arises). )

By f(@) (f(b)) we denote the lim,_ .. f(x) (lim,_.,- f(x)) if the limit exists
and is finite.

LemMa 1. Let {u;}7 , be continuous functions on an interval I whose
interior is (a, b), forming a T-system on it and let f€ C(u, , uy ,..., 4,,), if:

U(uo,ul yeoes Un 5 | ) -0 3)

io H il 3eees i’n ’ in+1
for some a <Iy <i <+ <fpyy < b, then there exists a polynomial
u=737au; such that f|[ty, ] =u|ll, nul (Equalities 7, =a
(fny =Db), only ifac I (bel) and the limit f(a) (f(b)) exists).
Proof. Since the functions u, , ¥, ,..., 4, are linearly independent, the last

row in (3) is a linear combination of the others, i.e.

@) =Y auf®), j=01.,n+1
i=0

Define g = f — i, asu; , clearly:

U(uo,ul,..., U, , g ) _ U(uo,lﬁ,-u, Un, f )

tO’ tl EAREE ] tn’ tn+1 t()s tl seees tna tn+1
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We show that g | [7,, Z,41] = 0. Let
tefty, tanl, t# i, j=0,1,...,n-+ 1.

For some i, {; <<t < i,,,. Now:

U(Lfo""’ seees Un » § )

tO 2oy ii—l s by ii+1 PARAE] in s in+1

— (_1)n+i+1 g(t) U (lfo e . seecy lfn )
Ly sees Biia s biza 5eees Tnag
and
U (uo LY )
to LA ti 3 Z ti+2 FRRRE] tn > tn+1
. Uy 5en s U
— (_])n+z g(t) U(_O, ’ R EARRS _n )
To 3eees Bi s Fing yerer Tnga

The two determinants can be nonnegative iff g(¢) = 0.

LEMMA 2. Let uy, uy ,..., Uy, be continuous functions on the interval [
whose interior is (a, b) # L If {u;}F, is a T-system on I and {u,}\*L is a T-system

on (a, b) then it is also a T-system on L.

Proof. letty <t; << - < tyy; be k 4+ 1 points of L.

U (uo > U 5eeey uk+1) 2 0

to > tl 3eecy tk+1

with equality only if t, = a or t,,; = b, but if the determinant vanishes
then by Lemma 1, u,,, is a linear combination of u,, #, ,..., #;, on some
subinterval of 7, in contradiction to the assumption on ug , 4y ,..., Uy, .

3. TRANSFORMING A T-SYSTEM INTO A CT-SYSTEM
Let M be a real set and {«,;}} , a T-system on M. Following [2] we define:

DEerINITION 3. A totally ordered set M, is said to have property (D) if
(i) for all x, y € M with x < y there exists an element ze M with x <z <y,
and (ii) inf M and sup M do not belong to M.

DEFINITION 4. A totally ordered set M, is said to have property (D) if
(i) it has property (i) of definition 3 and, (ii) M contains at most one of the
elements, inf M and sup M.
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DERINITION 5. A k-dimensional space of functions defined on a real
set M is called oriented T-space if for every basis { f;}5_,

.fl afz ’~">fk

sgn U ( ) is either always 41 or always —1

tl s t2 seees b
whenever #; < t, < -+ < 1, are elements of M. The basis {f;}i', is called
oriented 7-system.

Let M be a real set having property (D), we may assume that
b =sup M < oo, isnot in M, if {u;}}_, is a T-system on M, we define:

w(t) = Max{ ue); i =0, 1,..., n}, te M.

Clearly, w(z) > 0. It can be readily seen that the functions:
u; .
Ui = i=201,..,n 4

form a T-system on M and if {u;};_, is oriented, so is {v;}i", .

If { y.in, is & sequence in M, converging to b, it contains a subsequence
{x4}_, such that lim,_, v(x;) exists forall i. If g =inf M > —cc isin M
and if there exists a sequence {x,}i_, such that 4 = (vy(a), v,(a),..., v,(a)) and
(limy.o 06(xx), im0 01(x1),..., lim,.,,, v,.(X,)) are not proportional, we define:

U’L(b) - ]lc]—go) vi(xk)’ = 09 1,"'9 n, (5)

and if a ¢ M or, if the limit vectors are always proportional to A we define
v{b) as in (5), by any sequence {x;; for which the limits exist.

We say that a T-system {v,}7_, on M has property (*) in M if a¢ M or
B = (vy(b), v4(b),..., v,(b)) and A are not proportional.

THEOREM 1. Let {u,};_, be an oriented T-system on a real set M having
property (D) and let {v;}!, be defined on M U {b} by (4) and (5). The linear
span of {uy, Uy ,..., Uy} contains an n-dimensional oriented T-space on M iff
{0} has property (*) in M.

Proof. (i) Sufficiency: The determinants

U (vo s Ug yeres u,,)

Ios I9 50 Iy
are positive whenever ¢, <<#, < --- <1, are in M. We first show that they

are positive with ¢, = b. By the definition of v,(b), we have

v U1 5eeey U v
U(O’ 13 Vn-1o» n)>0‘ 6
tO ’ tl EARAE] tn‘l 2 b =~ ( )



328 EITAN LAPIDOT

Assume that for some #, << #, < -* < {,_, < b the determinant (6) vanishes.
Since {v,};_, is a T-system on M, we have:

n—1

U,(b) = Z a,-v,-(ij) i = 0, 1,..., n.

=0

We call a point 7;, essential, if a; # 0. Since | v(b)] = 1 for some i, there
exists an eseential point #; and by property (*) we can choose 7; + a.

Let x, y be two points in M with #; , <x <f;, <y <i; 4, (if jo=0
set? , =aandifj,=n—1sett, =b).

Span {v,, vy ,..., v} contains a function vanishing on {#;}}7' and we may
assume that this function is v,, .

Since both determinants:

U(Ifo R R lz'n )

B0 5eees Xy Bjg seves Tny
and

U (l_70 EARRT] _ PR ] ljn )

Tg seees Ty s Voerws Tna

are positive:

va(X)  va(y) <O0. ()
Let
— vO ’ Ul geey vn*l ’ vn
v=vU (io, Bty b ) ®)

Define U, , (U,) to be the determinant U with x () replacing i, -
If U, =0 we have v,(b) = 3;_ avi(t;) = Xy, bvE;) + b; vi(x), which
implies
U (vo yeees s Un ) —0 ©)

iO seres iio—l s Xy tjo seevy tn—l

in contradiction to our assumption on {v;}7_, . The same argument shows that
U, # 0. By (7) U, - U, < 0 while both determinants are positive.

Hence, span{v, , vy ,..., U,} is an oriented 7-space on M U {b}. We now
show that it contains an n-dimensional oriented 7-subspace (on M).

We may assume (by multiplying the last two rows in (6), if necessary,
by —1), that v,(b) > 0. Define ; = v, — @W(B)/v.(b)v,,i =0, 1,...,n — 1,
and 9, = v, . Since the determinants (6) are positive, span{@, , 9; ,..., Ip_3} IS
an oriented T-space on M and hence, span{wd, , w9, ,..., wd,_;} is an oriented
T-subspace of span{y, , u, ,..., 4,} (on M).
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(i) Necessity: Assume that A and B are proportional and that § =
span{ty , ¥, ,..., U} contains an r-dimensional oriented 7-subspace on M.
There exist n + 1 functions f; , f; ,..., fn_1 ,f» in S such that

U (fo » J1 fn)

tO s tl 3%y tn

and

U (fo i 9"‘7fn——1)

tO s tl serey tn—l

are positive whenever 7, <, < <t, are in M. Since a€ M, f; (@) # 0
for some 0 < i, <X n — | and since B # 0 and is proportional to 4, f,-o(b) 5= 0,
Clearly:

0 U(fo,fl, fn) = (=" fi(@) U(fo, > foe 1,fn) (10)

as t1, ,'n tls ana

and

fzo(b) U (ﬁ) 9f1 2 fn 1) — (_l)n_lfio(a) U (fo ,-.-,fn~2 ’fn—l) (11)

a, tl EIART tn 1 tl [ARE) tn-—l ’ b

whenever a < #; < '+ <t, <b are in M. Since the determinants in the
left hand side of (10) and (11) are positive and the determinants on the
right are nonnegative, they must be also positive. However, (10) and (11)
cannot hold simultaneously.

Remark. Tt follows that all or none of the limit vectors (5), are
proportional to A4.

COROLLARY 1. [2] Let M be a real set having property (D) and R, an
(n + 1)-dimensional oriented T-space on M. Then for i =1,2,..., n, there
exist i-dimensional oriented T-subspaces R; of R with R, CR,C---CR,CR.

COROLLARY 2. ([1] and [2)). Let I be an open interval and u, , u, ..., U,
be continuous functions on I forming a T-system. Corollary 1 holds for
span{u, , U, ,..., Uy}

THEOREM 2. Let uy, u, ,..., u, be continuous functions on an interval I,
Jorming a CT-system on its interior (a, b). {u;}; o is a CT-system on I iff
uy > 0on L

Proof. The necessity is obvious and by Lemma 2 the condition is also
sufficient.

640/23/4-3



330 EITAN LAPIDOT

THEOREM 3. Let M be a real set having the property: if x,y € M with
X <y then there exists an element ze M with x <z <y, and let {u;}}_,,
n >3, be defined on a set M,, MC M, CM, continuous on M\\M and
Jorming an oriented CT-system on M. It is an oriented CT-system on M,
iff sois {uy , uy , uy}. '

Proof. The determinants involved are of order >> 4. Suppose that for
some k, 3 <k <n:

Uy 5..n ey U
U ( (ERRRS PRIRES k) — 0
vies Xyevey Vourrs Zyerey byue

with x <y <z <t x,y,z,te M. If y,ze M then there is some point

s € M between them and if one of them is in M\M then there is some point
of M between x and ¢ and we can apply the technique of Lemma 2.

ExAMPLE 1. Let M = (-2, —1) U (], 2)

uy(t) = 2, —2<t < -1,
= —t 4 3, 1 <t <2,
w,(t) = ug(—1), te M.

{uy , u,} is an oriented CT-system on M but not on M although u#, > 0 on M

EXAMPLE 2. Let M = (=2, —1) U {0} U (1, 2)

Uy » Uy , Uy are defined on M by

uo(t) = 13

ul(t) = t9
and
u2(t) = tza te ['—2, _1] Y []’ 2]’

=1, t=0.

{uy , u; , Uy} is an oriented CT-system on M but not on M although {u, , u;} is.

We conclude by noting that for every n, there exists a T-space on some
half-open interval with no T-subspace of codimension 1. For odd dimen-
sional spaces, span{l, cos ¢, sin ¢,..., cos nt, sin nt} on [0, 27r) provide counter-
examples and for even dimension, the span of fi(t) = ¢ and fi(¢) = t*%2- 1)
i=2,.,n on [—1,1) (see [3]) has no T-subspace of codimension 1, by
Theorem 1.
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